We calculate the shear viscosity and anomalous baryon number violation rate in quantum field theories at finite temperature having gravity duals with hyperbolic horizons. We find the explicit dependence of these quantities on the temperature. We show that the ratio of shear viscosity to entropy density is below 1/(4π) at all temperatures and can be made arbitrarily small in the low temperature limit for hyperbolic surfaces of sufficiently high genus so that the hydrodynamic limit remains valid.
In certain finite-temperature quantum field theories having gravity duals with black brane solutions in higher spacetime dimensions, the hydrodynamic behaviour of the thermal field theory is identified with the hydrodynamic behaviour of the dual gravity theory [1] . It was shown [2] that for these field theories, the ratio of the shear viscosity to the volume density of entropy has a universal value η/s = 1/(4π) and it was further conjectured that this is the lowest bound on the ratio η/s for a large class of thermal quantum field theories.
This conjecture was tested against a wide range of thermal field theories having gravity duals: in gauge theories with chemical potentials studying their R-charged black hole duals [3] , in field theories with stringy corrections [4] and also in field theories with gravity duals of EinsteinBorn-Infeld gravity [5] . In all these theories it was found that the lower bound is satisfied. However, in conformal field theories dual to Einstein gravity with curvature square corrections it was found that the bound is violated [6] but the physical implication of the violation of the bound is still not clear.
In the gravity sector of this gravity/gauge duality, maximally symmetric spaces naturally arise as the nearhorizon region of black brane geometries [7] . Spherically symmetric spaces have been extensively investigated. Also hyperbolic geometries involving n-dimensional hyperboloids H n or H n /Γ cosets, where Γ is a discrete subgroup of the isometry group of H n , arise naturally in supergravity as a result of string compactifications [8] . However, the presence of the discrete group Γ introduces another scale which breaks all supersymmetries. N = 0 conformal field theories can be constructed having gravity duals with constant negative curvature [8, 9] .
The hydrodynamic properties of the boundary conformal field theory can be inferred from the lowest frequency quasinormal modes of the gravity sector [10] . The lowest-lying gravitational quasinormal modes for a Schwarzschild-AdS solution were numerically calculated in four and five dimensions and were shown to be in agreement with hydrodynamic perturbations of the gauge theory plasma on the AdS boundary [11] . For AdS 5 this was understood as a finite "conformal soliton flow" after the spherical AdS 5 boundary obtained in global coordinates was conformally mapped to the physically relevant flat Minkowski spacetime. This study was extended to black holes with a hyperbolic horizon. It was shown in [12] that the quasinormal modes obtained agreed with the frequencies resulting from considering perturbations of the gauge theory fluid on the boundary.
Recently, interesting features have shown up in the study of topological black holes (TBH). The spectrum of the quasinormal modes of TBH [13] has been studied extensively [14] . For large black holes this spectrum is similar to the Schwarzschild-AdS spectrum. For small black holes however the quasinormal modes spectrum is quite different. It was found [15] that there is a critical temperature, below which there is a phase transition of the TBH to AdS space. This has been attributed entirely to the properties of the hyperbolic geometry.
In this work we will show that the hyperbolic geometry allows us to calculate hydrodynamic transport coefficients like shear viscocity and the Chern-Simons diffusion rate of the boundary thermal field theory at any temperature under certain conditions. This should be constrasted with the case of a spherical black hole where low temperature is invariably associated with small horizon area and therefore the hydrodynamic approximation breaks down. In the hyperbolic case, the area of the horizon can be large even at low temperatures provided the hyperbolic surface is of high genus.
Topological black holes are solutions of the Einstein equations for vacuum AdS space. Consider the action
where G is the Newton's constant, R is the Ricci scalar and l is the AdS radius. The presence of a negative cos-
) allows the existence of black holes with topology R 2 × Σ, where Σ is a (d − 2)-dimensional manifold of constant negative curvature. These black holes are known as topological black holes (TBHs) [13] . The simplest solution of this kind in four dimensions reads
where we have set the AdS radius l = 1, µ is a constant which is proportional to the mass and dσ 2 is the line element of the two-dimensional manifold Σ, which is locally isomorphic to the hyperbolic manifold H 2 and of the form
where Γ is a freely acting discrete subgroup (i.e. without fixed points) of isometries. The line element dσ 2 of Σ is
with θ ≥ 0 and 0 ≤ φ < 2π being the coordinates of the hyperbolic space H 2 or pseudosphere, which is a noncompact two-dimensional space of constant negative curvature. This space becomes a compact space of constant negative curvature with genus g ≥ 2 by identifying, according to the connection rules of the discrete subgroup Γ, the opposite edges of a 4g-sided polygon whose sides are geodesics and is centered at the origin θ = ϕ = 0 of the pseudosphere [13, 17] . An octagon is the simplest such polygon, yielding a compact surface of genus g = 2 under these identifications. Thus, the two-dimensional manifold Σ is a compact Riemann 2-surface of genus g ≥ 2. The configuration (2) is an asymptotically locally AdS spacetime.
This construction can be generalized to higher dimensions and our aim in this work is to elucidate the effect of hyperbolic horizons on the gauge theory on the AdS boundary. In five spacetime dimensions the metric takes the form 
The Hawking temperature is
while the mass and entropy of the black hole are given respectively by
where V is the volume of the hyperbolic space Σ 3 . Note that in the horizon radius range 1/2 ≤ r 2 + ≤ 1 the mass of the black hole is negative [16] . The lower bound corresponds to its maximum negative value where the temperature is zero. The upper bound corresponds to zero mass, where as shown in [15] there is a phase transition of the TBH to AdS space, while above that value the mass takes positive values.
The energy of the dual CFT is [9] 
which is shifted with respect to the black hole energy by a positive amount (Casimir energy due to counterterms one needs to add to the action to cancel infinities). Notice that the minimum energy (E CF T = 0) is at T = 0, therefore the energy of the CFT is never negative, unlike its dual black hole. For the study of perturbations, we need the behaviour of harmonic functions on Σ 3 . In general, they obey
Without identifications (i.e., in H 3 ), the spectrum is continuous. We obtain [14] 
where ξ is arbitrary and δ = 0, 1, 2 for scalar, vector and tensor perturbations, respectively. When a compactification scheme is chosen, the spectrum becomes discrete. Depending on the choice of Γ, the discretized eigenvalues ξ 2 may be made as small as desired, i.e., zero is an accumulation point of the spectrum of ξ [17] . We also obtain negative values of ξ 2 . As ξ 2 approaches its minimum value, the complexity of the set of isometries Γ increases and the volume V of the hyperbolic space Σ 3 can be made arbitrarily large (hence also the mass and entropy of the black hole).
Using the harmonics on Σ 3 , we may write the wave equation for gravitational perturbations in the general Schrödinger-like form [18] 
in terms of the tortoise coordinate r * defined by
where f (r) is defined in (5) . The potential takes different forms for different types of perturbation.
To calculate the Chern-Simons diffusion rate one needs to solve the wave equation for a massless scalar field. The radial wave equation is
By defining Φ = r 
We may solve the wave equation in terms of a Heun function and use the latter to determine the spectrum exactly albeit numerically [15] . However, such explicit expressions will not be needed for our purposes.
If the hyperbolic space Σ 3 is infinite, then k 2 S ≥ 1 (eq. (11)). However, if Σ 3 is finite, then it is easy to see that the minimum eigenvalue is k 2 S = 0 . The corresponding hyperspherical harmonic is a constant. Above k 2 S = 0, the spectrum is discrete. For the AdS/CFT correspondence, we need the flux
The imaginary part is independent of r (conserved flux). It is convenient to evaluate it at the horizon where the wavefunction behaves as
We obtain
therefore
It is related to the imaginary part of the retarded Green function,
, where x ∈ R × Σ 3 ). We readily obtain
For O = 
Γ determines the rate of anomalous baryon number violation at high temperatures in the Standard Model. Expanding G(x) in hyperspherical harmonics, the integral over Σ 3 projects onto the lowest harmonic (k 2 S = 0). The integral over time then yields the Fourier transform at ω = 0. UsingG
we deduce
at any temperature, therefore
At high temperatures, Γ ∼ T 4 whereas as T → 0, Γ ∼ T → 0, i.e., anomalous baryon number violation is suppressed at low temperatures.
To calculate the shear viscosity, we need to discuss vector gravitational perturbations. The lowest eigenvalue of the angular equation (10) for a vector harmonic V i (∇ i V i = 0) on a finite hyperbolic space Σ 3 is found by observing that
V i where we used R ij = −2γ ij (γ ij being the metric on Σ 3 ). Therefore, we have a constant vector harmonic if k 2 V + 2 = 0. The minimum eigenvalue is k 2 V = −2. Above it, we have a discrete spectrum of eigenvalues
The radial wave equation is of the form (12) with potential
We may solve the radial equation and obtain a solution in terms of a Heun function. Since we are interested in the hydrodynamic behaviour, we shall solve the radial equation only for small ω and ∆ using perturbation theory. More precisely, the hydrodynamic approximation is valid provided
(recall that we are working in units in which the AdS radius l = 1). At high temperatures, this constraint is equivalent to ω , √ ∆ ≪ T . Also, the area of the horizon (A + ∼ r 2 + ) is large and the constraint (28) is satisfied for eigenvalues ∆ ∼ O(1) because then ∆ ≪ A + . This is similar to the case of a sphere. In both cases, the hydrodynamic limit is valid at high temperature (large black hole) [11, 12] .
At low temperatures, in the case of a spherical horizon, its area becomes small. Even with A + ∼ O(1), it is no longer possible to satisfy the constraint (28) because the low-lying eigenvalues ∆ ∼ O(1) regardless of the size of the horizon. Thus, for a small spherical black hole the hydrodynamic approximation is invalid.
For a hyperbolic horizon at low temperature, we have r + ∼ O(1) (r + ≥ 1/ √ 2 at all temperatures), so the hydrodynamic constraint (28) is not always satisfied, as in the case of a spherical horizon. However, unlike in the case of a sphere, a hyperbolic space Σ 3 of high genus can have a large volume V ≫ 1. The low lying eigenvalues are
and therefore can be small ( √ ∆ < ∼ O(1)) if V is large. Thus, for topological black holes of high genus hyperbolic horizons the hydrodynamic approximation is valid even in the low temperature (small horizon radius) limit owing to the complexity of the horizon surface.
To solve the radial wave equation, it is convenient to introduce the coordinate
In terms of the wavefunction F (u) defined by
we have
where
where prime denotes differentiation with respect to u and we have defined
We obtain the zeroth order equation by setting ω = 0, ∆ = 0. The acceptable solution is
independent of the temperature. Expanding the wavefunction,
at first order the wave equation reads
The solution may be written as
where W = 1/(u 3/2f ) is the Wronskian. The limits of the inner integral may be adjusted at will because this amounts to adding an arbitrary amount of the unacceptable zeroth-order wavefunction. To ensure regularity at the horizon, we should choose one of the limits of integration at u = 1. Then by demanding that the singularity vanish at the boundary (u = 0), we arrive at the firstorder constraint
After some straightforward algebra, this leads to the dispersion relation
in agreement with ref. [12] at high temperatures and matching numerical results at all temperatures ( Fig. 1) .
From (41) we read off the diffusion coefficient
which is related to the viscosity coefficient via
This is known to be valid in flat space. It is also valid in our case, as can be seen by writing the hydrodynamic equations ∇ µ T µν = 0 for a static fluid of constant pressure perturbed by a small velocity field u i = e −iωt V i . The conservation law of the hydrodynamic equations yields [12] From the expression for the energy (9), we obtain the energy density ǫ = E CF T /V and the shear viscosity coefficient 
Dividing by the entropy density (s = S/V , where the entropy is given by (8)), we obtain
At high temperature (large r + ), . In flat spacetime, one also obtains the viscosity coefficient from the Kubo formula [1] , which agrees with the result obtained via the diffusion coefficient. The former is derived by considering tensor perturbations. This is not possible in our case, because tensor perturbations of the static fluid in hyperbolic space do not exist due to their being traceless and divergenceless [12] .
In conclusion Using the AdS/CFT correspondence we have calculated the anomalous baryon number violation rate and the ratio of shear viscosity to entropy density in thermal field theories having gravity duals with hyperbolic horizons. We found the explicit temperature dependence of the anomalous baryon number violation and we showed that it is suppressed at low temperatures. For high genus hyperbolic spaces the hydrodynamic approximation is valid at low temperatures, and the ratio of shear viscosity to entropy density is found to be below 1/(4π) at all temperatures. It can be made arbitrarily small in the low temperature limit.
